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a b s t r a c t
A tiling in a finite abelian group H is a pair (T, L) of subsets of H such that any h ∈ H can be
uniquely represented as t + lwhere t ∈ T and l ∈ L. This paper studies a finite analogue of
self-affine tilings in Euclidean spaces and applies it to a problem of broadcasting on circuit
switched networks. We extend the tiling argument of Peters and Syska [Joseph G. Peters,
Michel Syska, Circuit switched broadcasting in torus networks, IEEE Trans. Parallel Distrib.
Syst., 7 (1996) 246–255] to 3-dimensional torus networks.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Broadcasting is a communication scheme inwhich a given node in a network sends its information to all the other nodes.
This paper deals with broadcasting in torus networks under a circuit switched model. Peters and Syska [7] investigated
efficient broadcastings in 2-dimensional torus networks, which we call PS-broadcasting in this paper. Peters and Syska [7]
used certain tilings to construct the broadcasting. This paper gives a mathematical formulation of these tilings as a finite
analogue of ordinal self-affine tilings in Euclidean spaces which have been extensively studied. (See [8,6,9,2,5] and the
references therein.) Using this formulation, we construct 3-dimensional PS-broadcastings. Our broadcastings are derived
from numeration systems and distribute the information uniformly on the finite tori, whose structure is very similar to that
of the (generalized) van der Corput sequences [4] distributing uniformly on the continuous tori Td = Rd/Zd.
Delmas and Perennes [3] constructed efficient broadcastings in higher-dimensional torus networkswithout using tilings.
Although their broadcasting has total communication path length 5/6 times smaller than that of our 3-dimensional
PS-broadcasting, ours inherits another fine property of the original 2-dimensional PS-broadcasting. Tilings induce
hierarchical and homogeneous subdivisions of the networks. Each of the components within the subdivided network is
connected and the data transmissions are completely confined to the component after one node therein has received the
information. Thus PS-broadcastings work under an asynchronous network model.
The outline of the paper is as follows: Section 2 provides a mathematical formulation of the broadcasting problem. In
Section 3, definitions and basic properties of the numeration systems and their generating tilings on finite tori are given. In
Section 4,we study in detail PS-broadcastings in our formulation. In Section 5,we construct 3-dimensional PS-broadcastings.
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Fig. 1. The 2-dimensional torus network of size 5.
2. Circuit switched broadcasting
In this section we give a mathematical formulation of the broadcasting problem. We define a broadcasting on an
undirected graph G in the following way. We denote the set of vertices of G by V(G) and the set of edges of G by E(G).
We assume that G does not have multiple edges and hence a sequence of vertices w = v0, v1, . . . , vk uniquely determines
a path in G if {vi, vi+1} ∈ E(G) for i = 0, 1, . . . , k − 1. Let w = v0, v1, . . . , vk be a path in G. We define s(w) = v0 (resp.
e(w) = vk) and call it the starting point (resp. end point) of w. We define V(w) = {v0, v1, . . . , vk}. For a set S of paths we
define V(S) = ∪w∈SV(w), s(S) = {s(w) |w ∈ S} and e(S) = {e(w) |w ∈ S}.
For a sequence of sets of pathsW = {Wi}Ti=1 of a graph G, we define a sequence of sets of vertices {Ct(W )}Tt=1 by
Ct(W ) =
t∪
i=1 e(Wi), for 1 ≤ t ≤ T .
Definition 1. LetW = {Wi}Ti=1 be a sequence of sets of paths and let C0(W ) = {i}where i is a vertex of G. We say thatW is
a broadcasting in G initiated by i, if it satisfies the following conditions:
1. s(Wt) ⊂ Ct−1(W ) for 1 ≤ t ≤ T .
2. CT (W ) = V(G).
3. Paths inWt are edge-disjoint to each other.
We call the index t the round and T the round number of the broadcastingW .
For a broadcastingW , the set Ct(W ) defined above is the set of vertices which is informed at round t or before. Condition
1 in Definition 1 means that only informed vertices can inform other vertices. Condition 2 means that all vertices must be
informed after the final round. The problem we deal with is to construct efficient broadcastings, i.e., broadcastings with
small round numbers. Let ∆ be the maximum degree of the graph G. Then any vertex can inform at most ∆ vertices at the
same time and therefore we need at least log∆+1 |V(G)| to complete a broadcasting in G. Peters and Syska [7] constructed
broadcastings which attain this lower bound in certain 2-dimensional torus networks.
Let v1, v2 ∈ V(G)be two vertices of the graphG and letW be a broadcasting onG.We say that v2 is a descendant of v1, if the
following condition is satisfied; There exists integers t1 and t2 and a sequence of paths, pt1 ∈ Wt1 , pt1+1 ∈ Wt1+1, . . . , pt2 ∈
Wt2 such that s(pt1) = v1 and e(pi) = s(pi+1) for i = t1, t1 + 1, . . . , t2 − 1 and e(pt2) = v2. We consider the following
additional property of broadcastings.
(⋆): If two paths p1 and p2 used in a broadcasting are not edge-disjoint, then one of s(p2) and s(p1) is a descendant of the
other.
This property is desirable in the following sense: Let v1, v2, . . . , vk be the vertices which are informed by a vertex v at a
round r . We assume that each of v1, . . . , vk and v cannot start the next round before v completes the data transmission of
round r . Under this assumption, the property (⋆) assures that the broadcasting works without conflicts of communication
paths even if we do not assume that the network is synchronous.
Before proceeding, we give the definition of the torus networks in which we consider the broadcasting problem. Let a
and d be positive integers and let i be an integer in {1, 2, . . . , d}. Let ei denote the vector,
(
i−1  
0, 0, . . . , 0, 1,
d−i  
0, 0, . . . , 0) ∈ Zd.
Then {e1, . . . , ed} is a generating set of the finite abelian group Zd/aZd. A torus network is the Cayley graph of Zd/aZd with
the generating set {e1, . . . , ed}. We call a the size and d the dimension of the torus network. Fig. 1 shows the torus network
with size 5 and dimension 2.
3. Numeration systems and tilings on finite tori
Letm and d be positive integers, and let B ∈ Md(Z) be a d-dimensional integer matrix whose determinant is b. Then BZd
is an additive subgroup of Zd. Let D ⊂ Zd be a set of complete coset representatives of Zd/BZd, i.e., for any x ∈ Zd, there
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exists a unique element dx ∈ D such that dx ≡ x (mod BZd). By the elementary divisor theory, the cardinality ofD is |b|.
We say that the pair (B,D) is a numeration system of Zd/bmZd, if B satisfies
Bd = bI, (1)
where I is the d-dimensional identity matrix. B is called the base andD is called the digits of the numeration system.
Lemma 1. Let (B,D) be a numeration system on Zd/bmZd. Then, for any x ∈ Zd/bmZd, there exists a unique sequence
a0, a1, . . . , adm−1 ofD such that
x = a0 + Ba1 + · · · + Bdm−1adm−1 (mod bmZd). (2)
Proof. For 1 ≤ i ≤ dm − 1, we define yi = B−1(yi−1 − ai−1) with y0 = x where ai is the unique element of D such that
yi − ai ∈ BZd. Then a0, a1, . . . , adm−1 satisfies (2) and the uniqueness of such a sequence can be checked as follows: Let
b0, b1, . . . , bdm−1 ∈ D be a sequence such that
a0 + Ba1 + · · · + Bdm−1adm−1 = b0 + Bb1 + · · · + Bdm−1bdm−1 (mod bmZd).
Then, we have
a0 + Ba1 + · · · + Bdm−1adm−1 = b0 + Bb1 + · · · + Bdm−1bdm−1 + d,
where d ∈ bmZd = BdmZd. By putting d = Bdme, we have
a0 − b0 = B(b1 − a1)+ B2(b2 − a2)+ · · · + Bdm−1(bdm−1 − adm−1)+ Bdme ∈ BZd,
and hence
a0 = b0 (mod BZd).
SinceD is a set of complete coset representatives, we have a0 = b0 (without taking modulo), and
B(a1 − b1) = B2(b2 − a2)+ · · · + Bdm−1(bdm−1 − adm−1)+ Bdme.
By multiplying B−1 to both the sides, we have
a1 − b1 = B(b2 − a2)+ · · · + Bdm−2(bdm−1 − adm−1)+ Bdm−1e ∈ BZd,
and therefore a1 = b1. In this way, we have a0 = b0, a1 = b1, a2 = b2, . . .. 
A tiling on a finite abelian group H is a pair (T, L) of subsets of H such that any h ∈ H can be uniquely represented as
h = t + lwhere t ∈ T and l ∈ L. We call T the prototile of the tiling (T, L).
Let k be an integer such that 1 ≤ k ≤ dm. We define
T(k) = a0 + Ba1 + · · · + Bk−1ak−1 | a0, a1, . . . , ak−1 ∈ D (mod bmZd),
and
L(k) = 0+ Bkak + Bk+1ak+1 + · · · + Bdm−1adm−1 | ak, ak+1, . . . , adm−1 ∈ D (mod bmZd)
= BkZd (mod bmZd).
Then (T(k), L(k)) is a tiling of Zd/bmZd. Thus Zd/bmZd is partitioned (or tiled) in the following way,
V(G) = L(k) ⊕ T(k) =

c∈L(k)

c+ T(k) (mod bmZd). (3)
We call c+ T(k) a tile of level k for c ∈ Zd/bmZd. Tiles themselves are divided into tiles of lower level:
T(k) =

c∈Bk−1D

c+ T(k−1) . (4)
See Fig. 2 for an example.
Using this relation recursively, we have
T(k) =

c∈L(l)∩T(k)

c+ T(l) , (5)
where 1 ≤ l ≤ k. We often use this property in the rest of the paper.
In the subsequent sections we consider d-dimensional PS-broadcastings where d = 2 or 3. Here we give a sketch.
PS-broadcastings use the tilings which have hierarchical subdivision property (4). Each round r of the broadcasting
corresponds to the tiling of level dm − r + 1. At each round r , the node located at the center of each tile T of level
dm− r + 1 sends its information to other nodes located at the centers of subtiles of level dm− r all contained in T, where
the communication paths are completely inside T. Therefore, two paths conflict only when one is a descendant of the other.
The hardest part of the proof is showing that the tile T contains the communication paths, since the tile T has a fractal-like
structure.
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Fig. 2. T(4) and its subdivision by translates of T(3) .
4. 2-dimensional case
In this section we study PS-broadcastings in 2-dimensional torus networks in our formulation. PS-broadcasting uses the
following base matrix,
B =

2 1
1 −2

which satisfies condition (1) for d = 2 and b = −5, and it uses the digit set,
D =

0
0

, d1 =

1
0

, d2 =
−1
0

, d3 =

0
1

, d4 =

0
−1

(6)
which is a set of complete coset representatives of Z2/BZ2 and hence (B,D) is a numeration system on Z2/5mZ2 for any
positive integerm.
4.1. PS-broadcastings
Let G be the 2-dimensional torus network of size 5m. Every vertex v ∈ V(G) has four edges connecting v to four neighbors
v ± (1, 0)T , v ± (0, 1)T . We denote these four edges by X, X¯, Y , Y¯ , respectively. Thus every path can be expressed as a
combination of the starting point and a word over the alphabet {X, Y , X¯, Y¯ }. For example, the path
p = (0, 0)T , (0, 1)T , (1, 1)T , (2, 1)T , (3, 1)T , (3, 0)T
can be represented as p = ((0, 0)T , YXXXY¯ ). We abbreviate the k-repetition of a letter α,
k  
αα · · ·α with αk and the above p
can be represented as p = ((0, 0)T , YX3Y¯ ).
Here we describe PS-broadcastings in our formulation. Let i ∈ V(G) be the initiator. The broadcasting consists of 2m
rounds, P1, P2, . . . , P2m which are defined in the following way: We define
Pt =

v∈Ct−1(P)
Pt,v,
where C0(P) = {i} and Pt,v is defined as follows: First we put u = 5⌊m−t/2⌋.
• If t ≡ 1(mod 2)
Pt,v =

pt,v,1 = (v, X2uY u), pt,v,2 = (v, X¯2uY¯ u) pt,v,3 = (v, Y 2uX¯u), pt,v,4 = (v, Y¯ 2uXu)

.
• If t ≡ 0(mod 2)
Pt,v =

pt,v,1 = (v, Xu), pt,v,2 = (v, X¯u), pt,v,3 = (v, Y u), pt,v,4 = (v, Y¯ u)

.
Thus, at round t , every informed vertex v sends the message to vertices
v+ B2m−tdi =

v+ uBdi t = 1 mod 2,
v+ udi t = 0 mod 2.
through the paths pt,v,i for 1 ≤ i ≤ 4. (See Fig. 3.) Therefore
Ct(P) = i+ L(2m−t). (7)
Fig. 4 shows the 4 rounds of this broadcasting wherem = 2.
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Fig. 3. Pt,v .
Fig. 4. PS-broadcasting on the torus network Z2/52Z2 .
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Fig. 5. Intersection of tiles and the axes.
4.2. Proof
In this subsection, we prove that the sequence P defined in the previous subsection is a broadcasting with the property
(⋆).
Lemma 2. Every integer x ∈

− 5s−12 , 5
s−1
2

∩ Z is uniquely expressed in the form,
x = a0 + 5a1 + · · · + 5s−1as−1,
where a1, a2, . . . , as−1 ∈ {0,±1,±2} (see Fig. 5).
Proof. Since {0,±1,±2} is a set of complete coset representatives of Z/5Z, a0 + 5a1 + · · · 5s−1as−1 | ai ∈ {0,±1,±2}
contains exactly 5s elements. The lemma follows from the fact that
−5
s − 1
2
≤ a0 + 5a1 + · · · + 5s−1as−1 ≤ 5
s − 1
2
,
for a1, a2, . . . , as−1 ∈ {0,±1,±2}. 
Lemma 3. For 1 ≤ s ≤ m,
T(2s) ∩ x-axis =

(x, 0)
 x ∈ [−5s − 12 , 5s − 12
]
∩ Z

,
T(2s) ∩ y-axis =

(0, y)
 y ∈ [−5s − 12 , 5s − 12
]
∩ Z

,
where x-axis (resp. y-axis) is {(x, 0)T | x ∈ Z/5mZ} (resp. {(0, y)T | y ∈ Z/5mZ}).
Proof. We use an argument similar to the one used in [1], in which Akiyama and Scheicher determined the intersections of
the twin-dragon and the axes. By Lemma 2, any integer x can be uniquely represented as
x = a0 + 5a1 + 52a2 + · · · + 5k−1ak−1,
where k is a positive integer and a0, a1, . . . , ak ∈ {0,±1,±2}. Since±2
0

=

0
∓1

+

2 1
1 −2
±1
0

,
we can express the point (x, 0)T in the following form:
x
0

= 1

a0
0

+ 5

a1
0

+ 52

a2
0

+ · · · 5k−1

ak−1
0

= (b0 + Bc0)+ 5 (b1 + Bc1)+ 52 (b2 + Bc2)+ · · · 5k−1 (bk−1 + Bck−1)
= b0 + Bc0 + B2b1 + B3c1 + · · · + B2k−2bk−1 + B2k−1ck−1,
where
(bi, ci) ∈
±1
0

,

0
0

,

0
±1

,
∓1
0

.
Thus if (x, 0)T ∈ T(2s), then we have k ≤ s and the statement on the x-axis is proved. The statement on the y-axis can be
proved in the same manner. 
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Fig. 6. A communication path connecting two nodes a and b is contained in the adjacent tiles whose centers are a and b.
Lemma 4. Each element of Pt,v is contained in adjacent two tiles, i.e., for any v ∈ Z2/5mZ2, 1 ≤ t ≤ 2m and 1 ≤ i ≤ 4,
V(pt,v,i) ⊂

v+ T(2m−t) ∪ B2m−tdi + v+ T(2m−t) , (8)
where di is defined as in (6). (See Fig. 6.)
Proof. We start with the case where t is even. Let s be the integer such that t = 2s. Then, by Lemma 3,
x
0

∈ T(2(m−s)) ∪ B2(m−s)d1 + T(2(m−s)) ,
if and only if
x ∈
[
−5
m−s − 1
2
,
3 · 5m−s − 1
2
]
∩ Z

mod 5m.
We have (8) for i = 1. The same argument holds for i = 2, 3, 4 and we are done when t is even.
Then we proceed with the case where t is odd. Let s be the integer such that t = 2s − 1. We first prove for i = 1. The
path pt,v,1 is the concatenation of the 3 paths, (v, X5
m−s
), (v1, X5
m−s
) and (v2, Y 5
m−s
)where
v1 = v+

5m−s
0

, v2 = v+

2 · 5m−s
0

, v3 = v+

2 · 5m−s
5m−s

.
Then, by relation (4) the tiles v+ T(2(m−s)) and v1 + T(2(m−s)) are contained in v+ T(2(m−s)+1) = v+ T(2m−t), since
v1 = v+ B2(m−s)d1 = v+ B2m−t−1d1,
and the tiles v2 + T(2(m−s)) and v3 + T(2(m−s)) are contained in v3 + T(2m−t), since
v2 = v3 +

0
−5m−s

= v3 + B2(m−s)d4 = v3 + B2m−t−1d4.
Thus we have the following,
V((v, Xu)) ⊂ (v+ T2(m−s)) ∪ (v2 + T2(m−s)) ⊂ v+ T(2m−t).
V((v1, Xu)) ⊂ (v2 + T2(m−s)) ∪ (v3 + T2(m−s)) ⊂

v+ T(2m−t) ∪ v3 + T(2m−t) .
V((v2, Y u)) ⊂ (v2 + T2(m−s)) ∪ (v3 + T2(m−s)) ⊂ v3 + T(2m−t).
Since
v3 = v+ (2 · 5m−s, 5m−s)T = v+ B2m−td1,
we have proved (8) for i = 1. The same argument holds for i = 2, 3, 4 and we are done. 
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Proposition 1. For 1 ≤ t ≤ 2m and v ∈ Z2/5mZ2,
V(Pt,v) ⊂ v+ T(2m−t+1)
Proof. By Lemma 4, we have
V(Pt,v) ⊂

d∈D

B2m−td+ v+ T(2m−t) = v+ T(2m−t+1). 
Theorem 1. The sequence P = {Pt}2mt=1 is a broadcasting with the property (⋆).
Proof. Let us first check the conditions inDefinition 1. Condition 1 is clear. By (7),C2m(P) = i+L(2m−2m) = Zd/52mZd = V(G)
and condition 2 is satisfied. From Proposition 1 and (3), no two paths in Pr can share an edge in common, and condition 3 is
satisfied.
Then we prove that P has the property (⋆). Let v ∈ Ct(P) be a vertex which has been informed at round t . From the
definition of P , it is clear that a vertex w is a descendant of v in P , if and only if w ∈ v + T(2m−t). And the tile v + T(2m−t) is
partitioned as
v+ T(2m−t) =

w∈Ct+k(P)∩T(2m−t)

w+ T(2m−t−k) . (9)
Assume that two paths pt1,v1,i1 and pt2,v2,i2 have edges in common where t1 < t2. Then, by Proposition 1 and (9),
V(pt1,v1,i1) ⊂ v1 + T(2m−t1+1) and V(pt2,v2,i2) ⊂ v2 + T(2m−t2+1) ⊂ v1 + T(2m−t1+1). Thus the property (⋆) follows. 
5. 3-dimensional case
This section extends PS-broadcasting to the 3-dimensional cases.We deal with the 3-dimensional torus of size 7m. In this
section, we use the base matrix,
B =
−1 1 −1
−2 −1 0
1 1 2

,
which has base property (1),
B2 =
−2 −3 −1
4 −1 2
−1 2 3

, B3 =
7 0 0
0 7 0
0 0 7

,
and we use the digit set
D = 0, d1 = (1, 0, 0)T , d2 = −d1, d3 = (0, 1, 0)T , d4 = −d3, d5 = (0, 0, 1)T , d6 = −d5 ,
which is a set of complete coset representatives of Z3/BZ3. Therefore this (B,D) is a numeration system of Z3/7mZ3.
5.1. Description of the algorithm
Let G be the 3-dimensional torus network of size 7m. Every vertex v ∈ V(G) has six edges connecting v to vertices,
v+d1, v+d2, . . . , v+d6. We denote these six edges by X, X¯, Y , Y¯ , Z, Z¯ , respectively. Our broadcasting initiated by a vertex
i consists of 3m rounds, Q = {Qt}3mt=1 which is defined in the following way (see Fig. 7). We define
Qt =

v∈Ct−1(Q )
Qt,v,
where C0(Q ) = {i} and Qt,v is defined as follows: We set u = 7⌊m−t/3⌋.
• If t ≡ 1 mod 3,
Qt =
pt,v,1 = (v, Y
uX¯uY 2uX¯uY uZ¯u), pt,v,2 = (v, Y¯ uXuY¯ 2uXuY¯ uZu),
pt,v,3 = (v, X¯2uY¯ uZ2uX¯u), pt,v,4 = (v, X2uY uZ¯2uXu),
pt,v,5 = (v, Z2uX¯uY 2uZu), pt,v,6 = (v, Z¯2uXuY¯ 2uZ¯u)
 .
• If t ≡ 2 mod 3,
Qt =

pt,v,1 = (v, Y¯ uZuX¯uY¯ u), pt,v,2 = (v, Y uZ¯uXuY u), pt,v,3 = (v, XuY¯ uZu),
pt,v,4 = (v, X¯uY uZ¯u), pt,v,5 = (v, Z¯uXuZ¯u), pt,v,6 = (v, ZuX¯uZu)

.
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Fig. 7. Qt,v .
• If t ≡ 0 mod 3,
Qt =

pt,v,1 = (v, Xu), pt,v,2 = (v, X¯u), pt,v,3 = (v, Y u),
pt,v,4 = (v, Y¯ u), pt,v,5 = (v, Zu), pt,v,6 = (v, Z¯u)

.
Thus, at round t , every informed vertex v sends the message to vertices
v+ B3m−tdi =

v+ uB2di t = 1 mod 3,
v+ uBdi t = 2 mod 3,
v+ udi t = 0 mod 3,
through the path pt,v,i for 1 ≤ i ≤ 6. Therefore we have
Ct(Q ) = i+ L(3m−t).
5.2. Proof
In this subsection, we prove that the sequence Q defined in the previous subsection is a broadcasting with the property
(⋆).
Lemma 5. Every integer x ∈

− 7s−12 , 7
s−1
2

∩ Z is uniquely expressed in the form,
x = a0 + 7a1 + · · · + 7s−1as−1,
where a1, a2, . . . , as−1 ∈ {0,±1,±2,±3}.
Proof. This can be proved in the same manner as Lemma 2. 
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Lemma 6. Let s be a positive integer and A the set defined by
A = a0 + 7a1 + 72a2 + · · · + 7s−1as−1 | a0, a1, . . . , as−1 ∈ {0,±1,±2,±4} .
Then
[0, 7s] ∩ Z ⊂ A ∪ (7s + A).
Proof. First we show that every integer x can be uniquely expressed in the form,
x = a0 + 7a1 + 72a2 + · · · + 7k−1ak−1, (10)
where k is some integer and a0, . . . , ak−1 ∈ {0,±1,±2,±4}. Let T : Z→ Z be the map defined by T (x) = (x− a)/7 where
a is the unique element of {0,±1,±2,±4} such that x ≡ a mod 7.We define the sequence xi = T i(x) and ai be the element
of {0,±1,±2,±4} such that xi ≡ ai mod 7 for i ≥ 0. Since |T (x)| < |x| for any non-zero integer x, the sequence {ai} is
finite, i.e., there exists an integer k such that ai = 0 for i ≥ k. This sequence gives a representation of form (10). Let
x = b0 + 7b1 + 72b2 + · · · + 7s−1bl−1 + 7sbl,
be an arbitrary representation of x where bi ∈ D for i = 0, 1, . . . , l. Then b0 = a0 (mod 7Z). SinceD is a set of complete
coset representatives of Z/7Z, we have b0 = a0. Therefore we have
7a1 + 72a2 + · · · + 7k−1ak−1 = 7b1 + 72b2 + · · · + 7s−1bl−1.
By dividing both the sides by 7, we have a1 = b1. In this way, we have ai = bi for all i ≥ 0.
Let x be an element of A. Then
|x| ≤ 4+ 4 · 7+ 4 · 72 + · · · + 4 · 7s−1 = 2
3
(7s − 1).
Thus, if x ∈ [0, 7s] ∩ Z, then x can be expressed in the form
x = a0 + 7a1 + 72a2 + · · · 7s−1as−1 + 7sas,
where a0, . . . , ak−1 ∈ {0,±1,±2,±4} and as = 0 or 1. 
Lemma 7. Let s be a non-negative integer, then
xdi | 0 ≤ x ≤ 7s
 ⊂ T(3s) ∪ 7sdi + T(3s) , i = 1, 2, . . . , 6.
Proof. By symmetry, we only have to show the statement for i = 1, 3, 5. Let 0 ≤ k ≤ 7s, then, by Lemma 6, k can be
uniquely expressed in the form,
x = a0 + 7a1 + 72a2 + · · · + 7sas,
where as ∈ {0, 1} and a0, a1, . . . , as−1 ∈ {0,±1,±2,±4}. We use the following facts,
(2, 0, 0)T = d4 + Bd5 + B2d4, and (4, 0, 0)T = d5 + Bd3 + B2d4.
Then we havex
0
0

=
a0
0
0

+ 7
a1
0
0

+ · · · + 7s−1
as−1
0
0

+ 7s
as
0
0

=
a0
0
0

+ B3
a1
0
0

+ B6
a2
0
0

+ · · · + B3(s−1)
as−1
0
0

+ 7s
as
0
0

= (b0 + Bc0 + B2e0)+ (B3b1 + B4c1 + B5e1)+ · · · + (B3s−3bs−1 + B3s−2cs−1 + B3s−1es−1)+ 7sasd1,
where (bi, ci, ei) ∈ {(0, 0, 0), (±d1, 0, 0), ±(d4, d5, d4), ±(d5, d3, d4)}. Thus, we have
xd1 ∈ T(3s) ∪

7sd1 + T(3s)

for 0 ≤ x ≤ 7s.
For i = 3, we use Lemma 5 and the relations,
(0, 2, 0)T = d6 + Bd6 + B2d5, (0, 3, 0)T = d1 + Bd3 + B2d1.
The same argument as for i = 1 proves the inclusion. For i = 5, we use Lemma 6 and the relations,
(0, 0, 2)T = d1 + Bd5, (0, 0, 4)T = d4 + Bd3 + B2d5.
The same argument as for i = 1 proves the statement. 
Figs. 8 and 9 show the intersections of tiles around the origin and xy-plane and yz-plane, respectively.
Although we do not have the lemma for this Qt corresponding to Lemma 4 for Pt in the previous section, the paths in Qt,v
are contained in a tile:
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Fig. 8. (T(3s) ∪ (±7sd1 + T(3s)) ∪ (±7sd3 + T(3s))) ∩ xy-plane.
Fig. 9. (T(3s) ∪ (±7sd3 + T(3s)) ∪ (±7sd5 + T(3s))) ∩ yz-plane.
Proposition 2. For 1 ≤ t ≤ 3m and v ∈ Ct−1(Q ),
V(Qt,v) ⊂ v+ T(3m−t+1). (11)
Proof. When t ≡ 0 mod 3, let s be an integer such that 3s = t . Then 3m− t = 3(m− s) and
v+ T(3m−t) ∪ v+ B3m−tdi + T(3m−t) = v+ T(3(m−s)) ∪ 7m−sdi + T(3(m−s)) ,
whose left side contains v+ kdi | 0 ≤ k ≤ 7m−s = V(pt,v,i) by Lemma 7.
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Table 1
Vertices on pt,v,i when t ≡ 2 mod 3.
a b
pt,v,1 v1 d4 0
v2 d2 d3
v3 d3 d1
pt,v,3 v1 d1 0
v2 d6 d3
pt,v,5 v1 d6 0
v2 d6 d5
a b
pt,v,2 v1 d3 0
v2 d1 d4
v3 d4 d2
pt,v,4 v1 d2 0
v2 d5 d4
pt,v,6 v1 d5 0
v2 d5 d6
Thenwe prove (11) when t ≡ 2 mod 3. Let s be the integer such that t = 3s−1. Each path pt,v,i ∈ Qt,v is a concatenation
of paths of length u = 7m−s. For example pt,v,1 = (v, Y¯ uZuX¯uY¯ u) is the concatenation of (v, Y¯ u), (v1, Zu), (v2, X¯u), and
(v3, Y¯ u), where
v1 = v+ 7m−s(0,−1, 0)T = v+ B3(m−s)d4 = v+ B3m−t−1d4,
v2 = v+ 7m−s(0,−1, 1)T = v+ B3(m−s)d2 + B3(m−s)+1d3 = v+ B3m−t−1d2 + B3m−td3,
v3 = v+ 7m−s(−1,−1, 1)T = v+ B3(m−s)d3 + B3(m−s)+1d1 = v+ B3m−t−1d3 + B3m−td1.
Therefore, by putting v0 = v and v4 = e(pt,v,1) = v+ B3m−td1, we have
v0, v1, v2, v3, v4 ∈ v+

T(3m−t+1) ∩ L(3m−t−1) = v+ T(3m−t+1) ∩ L(3(m−s)) .
Thus, by relation (5),
v0 + T(3(m−s)), v1 + T(3(m−s)), v2 + T(3(m−s)), v3 + T(3(m−s)), v4 + T(3(m−s))
are disjoint subtiles of v + T(3m−t+1) , and two consecutive tiles vi + T3(m−s) and vi+1 + T3(m−s) are adjacent. By
Lemma 7, the whole segment connecting vi and vi+1 are covered by the tiles vi + T3(m−s) and vi+1 + T3(m−s). Therefore
V(pt,v,1) is contained in T(3m−t+1). For i = 2, 3, . . . , 6, the same argument holds; We divide the path pt,v,i into segments
(v, αu0), (v1, α
u
1), (v2, α
u
2), . . .where αi ∈ {X, X¯, Y , Y¯ , Z, Z¯}. Then we check whether vi ∈ v+ T(3m−t+1) ∩ L(3m−t−1) for each
paths, that is, we check whether vi can be expressed in the form
v+ B3m−t−1a+ B3m−tb,
where a, b ∈ D . Table 1 shows the summary.
Then we prove (11) when t ≡ 1 mod 3. Let s be an integer such that t = 3s − 2. We again divide the path pt,v,i into
segments of length u = 7m−s, (v, αu0), (v1, αu1), . . .. Then we check that vi ∈ v + T(3m−t+1) ∩ L(3m−t−2), that is, vi can be
expressed in the form
vi = v+ B3m−t−2a+ B3m−t−1b+ B3m−tc,
where a, b, c ∈ D . Table 2 shows the summary. Therefore the tiles
v+ T(3(m−s)), v1 + T(3(m−s)), v2 + T(3(m−s)), . . .
are disjoint subtiles of T(3m−t+1), and the all vertices on the segments (vi, αui ) are covered by the tiles vi + T(3(m−s)) and
vi+1 + T(3(m−s)) by Lemma 7. 
Theorem 2. The sequence {Qt}3mt=1 is a broadcasting with the property (⋆).
Proof. We can prove this theorem in the same manner as Theorem 1. 
6. Concluding remarks
We have shown examples of broadcasting in two and three dimensions. To construct higher-dimensional broadcasting,
we encounter the following problems: From which numeration system is a broadcastings derived? For example, a
numeration system (3, {−1, 0, 4}) of the 1-dimensional torus Z/3mZ does not yield a broadcasting, since paths cannot be
edge-disjoint. Further, in dimension d, if one uses the digitsD of the form other than {0,±e1, . . . ,±ed}, then the argument
we have employed in this paper does not work: Consider the last round t = dm, some vertices on the communication paths
connecting v and v+D are not in the tile T(1) = D .
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Table 2
Vertices on Qt,v when t ≡ 1 mod 3.
c b a
pt,v,1 v1 d3 0 0
v2 d5 d4 0
v3 d4 d3 d1
v4 0 d3 d1
v5 d2 d3 d1
v6 d1 d5 d1
pt,v,3 v1 d2 0 0
v2 d3 d6 d3
v3 0 d6 d3
v4 d5 d6 d3
v5 d1 0 d3
pt,v,5 v1 d5 0 0
v2 d1 d5 0
v3 0 d5 0
v4 d3 d5 0
v5 d6 0 d5
c b a
pt,v,2 v1 d4 0 0
v2 d6 d3 0
v3 d3 d4 d2
v4 0 d4 d2
v5 d1 d4 d2
v6 d2 d6 d2
pt,v,4 v1 d1 0 0
v2 d4 d5 d4
v3 0 d5 d4
v4 d6 d5 d4
v5 d2 0 d4
pt,v,6 v1 d6 0 0
v2 d2 d6 0
v3 0 d6 0
v4 d4 d6 0
v5 d5 0 d6
Although we are not certain whether a numeration system with digits of the form {0,±e1, . . . ,±ed} always gives a
broadcasting, such a numeration system is suitable for our argument. When d = 4, the matrix
B =
−2 −1 1 1−1 1 1 −1−1 −2 0 −1
0 0 1 1
 ,
satisfies B4 = 9I and one can check that (B, {0,±e1,±e2,±e3,±e4}) is a numeration system of Z4/9mZ4. We are not certain
whether there exists such a base matrix Bwith digits {0,±e1, . . . ,±ed} for any d.
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